An exact analytical solution is presented for the effective dynamic shear modulus in a heterogeneous fluid-filled poroelastic medium containing spherical inclusions. The complex and frequency-dependent properties of the derived shear modulus are solely caused by the physical mechanism of mesoscopicscale wave-induced fluid flow whose scale is assumed to be smaller than wavelength but larger than the size of pores. Our model consists of three phases: a spherical inclusion, a shell of matrix material with different mechanical and/or hydraulic properties and an outer region of effective homogeneous medium of infinite extent. This three-phase model represents a self-consistent model or an approximate model of composite having periodically distributed inclusions. The behaviors of both the inclusion and the matrix are described by Biot's equations (1941) with standard conditions of Deresiewicz and Skalak (1963) at the inclusion-matrix interface. The effective medium is regarded as an equivalent elastic or viscoelastic material with complex and frequency-dependent moduli to be determined. The derived effective shear modulus is used to quantify the shear-wave attenuation and velocity dispersion. For the problem of fluid patchy saturation (inclusions with the same solid frame as the matrix but with a different pore fluid from that in the matrix), the gas pocket does not affect the shear attenuation and dispersion characteristic of the water-filled matrix medium at all. For the problem of double porosity structure (inclusions having a different solid frame than the matrix but the same pore fluid as the matrix), with the increase of frequency the heterogeneous medium transitions from a low-frequency state having drained inclusions and drained matrix with no pore pressure difference to a higher-frequency state having undrained inclusions and undrained matrix with no fluid communication at the inclusion's surface. The relaxation frequency at which the maximum value of inverse quality factor occurs moves to frequencies by two orders of magnitude lower if the size of a unit cell increases by one order of magnitude. Stiff inclusions imbedded in a relatively soft matrix can cause significant and observable attenuation at seismic frequency bands, but softer inclusions imbedded in a relatively stiff matrix cause very weak attenuation. The mixed heterogeneity in both the solid frame and pore fluid also has important influences on the frequency-dependent shear wave attenuation.
Introduction
The problems of velocity dispersion and attenuation of seismic waves in fluid-filled heterogeneous porous media have been of long-standing interest (e.g., Biot, 1956a,b; White, 1975; Dutta and Odé, 1979a,b; Berryman, 1985; Dvorkin, 1995; Pride and Berryman, 2003a; Müller et al., 2010; Song and Hu, 2013 ) with significant experiments (Sams et al, 1997; Jones, 1986) show that the dispersion and attenuation of S waves could be of the same order of magnitude as those of P waves in fluid-saturated porous rocks. The present paper is devoted to study the effective shear properties in heterogeneous fluid-filled porous media by concerning mesoscopic WIFF.
Patchy saturation (inclusions having the same solid frame as the matrix but with a different pore fluid from the matrix) and double porosity (inclusions having a different solid frame than the matrix but the same pore fluid as the matrix) are two major models for seismic attenuation due to mesoscopic WIFF. Pride et al. (2004) showed that the heterogeneity in either the fluid or the solid frame can cause significant P-wave attenuation (maximum value of the inverse quality factor commonly lies in the range 0.01-0.1) in the seismic band of frequencies. To interpret the seismic attenuation and dispersion in heterogeneous porous rocks consisting of multiphase fluids and heterogeneous solids due to mesoscopic WIFF in porous rocks, many analytical solutions have been derived to quantify the dynamic bulk modulus and the attenuation in P waves (e.g., White, 1975; White et al, 1975; Dutta and Odé, 1979a,b; Berryman, 1985; Norris, 1993; Johnson, 2001; Pride and Berryman, 2003a; Pride et al., 2004; Müller and Gurevich, 2004; Brajanovski et al. 2005; Vogelaar and Smeulders, 2007; Vogelaar et al., 2010) . For example, for consideration of energy loss in a patchy saturation reservoir rock, White (1975) derived the frequency-dependent effective bulk modulus by using a spherical gas-oil or gas-water pocket model. In his model, a small amount of gas in a fluidsaturated porous medium can cause significant velocity dispersion and attenuation in P waves (Dutta and Odé,1979a,b; Johnson, 2001; Pride et al., 2004; Vogelaar et al., 2010) . Dutta and Odé (1979a,b) and Vogelaar et al. (2010) solved the problem exactly using the Biot consolidation theory of quasi-static poroelasticity and confirmed White's results. In addition, White (1975) suggested that the effective shear modulus is identical to the dry shear modulus of the porous composite because physically the fluid filling the pores changes neither the shear force existing in the solid frame nor the shear modulus. Pride and Berryman (2003a,b) developed double porosity theory to model acoustic propagation through heterogeneous porous structures with two different porous frames. Since the sphere is one of several typical and simple geometric inclusions, and is also a special case of the ellipsoid, it has been used to interpret the intrinsic P-wave attenuation in porous fluid-filled rocks. In addition to White's spherical-inclusion patchy model (White, 1975) , Ba et al. (2011) considered a double-porosity medium consisting of spherical inclusions imbedded in an unbounded matrix having different porosity, permeability and compressibility. They derived the equations of motion showing that the spherical inclusion can cause significant fast P wave (which is similar to the ordinary P wave in elastic medium but has intrinsic energy loss in the propagation process) attenuation and dispersion in the seismic frequency band.
However, unlike the case of effective bulk modulus, deriving the effective shear modulus is rather complicated as it involves solving the shear deformation of phases. Recently, several papers have considered the shear properties in poroelastic media. For example, Berryman (2004) studied the dependence of macroscopic shear modulus on pore-fluid properties by using a locally isotropic layered model. He gave upper and lower bounds under drained and undrained boundary conditions, respectively. Masson and Pride (2007) estimated by finite difference modeling the shear attenuation and shear modulus dispersion in a double porosity model in which a soft porous ellipsoid is embedded within a stiffer matrix. They showed that significant attenuation over the seismic frequency range occurs as for P waves but smaller in magnitude. Quintal et al. (2012) used the finite-element method to model the S-wave modulus and attenuation in a 2-dimensional patchy saturation structure. They showed that the role of S-wave attenuation could be used as an indicator of fluid content in a reservoir in addition to P-wave attenuation. Other numerical methods studying the attenuation in shear waves can be found in Rubino et al. (2008) , Wenzlau et al. (2010) , Quintal et al. (2011) and Masson and Pride (2014) . Liu et al. (2009) derived a series expansion solution for the scattering of incident S waves by mesoscopic-scale spherical inclusions embedded in an infinite poroelastic matrix. After obtaining the series expansion solution, they used a dilute model to calculate the scattering S-wave dispersion and attenuation. Significant S-wave attenuation is caused in the double porosity model at an S-wave wavelength that is approximately equal to the characteristic size of the inclusion. Although these papers above focus on the S-wave attenuation due to mesoscopic WIFF, unfortunately, to the best of our knowledge, no analytical solution for dynamic effective shear modulus in any typical structure has been given to account for the role of the mechanism of mesoscopic WIFF.
It is worth mentioning that the scattering approach is indeed a powerful tool to study the attenuation and velocity dispersion in heterogeneous porous media. As pointed out by Müller and Gurevich (2005) , the processes of wave conversion scattering into Biot's slow P waves is equivalent to the mechanism of pore pressure relaxation due to wave-induced perturbation and thus also describes the mechanism of WIFF. An important application of the scattered Biot's slow P wave is to analyze the effective properties, attenuation and velocity dispersion of elastic waves in poroelastic materials. Berryman (1985) first analyzed the scattering of incident P wave by a porous spherical inclusion in an otherwise homogeneous porous matrix medium. One major difficulty is that the solution is given in terms of an infinite series, and one needs to solve a 6 × 6 system of equations for the coefficients at each harmonic. The analytical solution can be obtained only after some simplifications (e.g., Berryman, 1985; . Berryman (1985) obtained the asymptotic long-wavelength solution for the slow wave amplitude, which is valid for inclusions much smaller than the wavelength of Biot's slow wave. Ciz and Gurevich (2005) analyzed the amplitude of the Biot's slow wave for the scattering of incident P waves by spherical inclusions in the low-frequency variant of Biot's theory, and for the inclusion size much smaller than the wavelength of the fast P wave. A simple expression for the amplitude of the scattered Biot's slow wave was obtained by assuming that the amplitude of the scattered fast compressional wave is well approximated by the solution of the equivalent elastic problem. Ciz et al. (2006) applied Waterman-Truell multiple scattering theory to relate the scattering of a single inclusion to the wave attenuation in the poroelastic medium. Gurevich et al. (1998) applied the Born approximation to study the scattering of a fast P wave in a poroelastic medium by an ellipsoidal inclusion. The Born approximation is valid for low contrast of the inclusion's properties with respect to the matrix medium. This paper focuses on dynamic effective shear modulus. The limitation of this paper is that the size of a unit cell shown in Fig. 1 is smaller than S-wave wavelength and much larger than the size of pores. Biot's equations for consolidation (Biot, 1941) of poroelastic media are employed to study the effective shear modulus for a heterogeneous medium containing spherical inclusions. The dispersive shear modulus is due to the heterogeneous distribution of pore fluid pressure and pore pressure diffusion. Furthermore, because no inertia terms appear in the equations for consolidation, the attenuation is solely due to flow of the viscous fluid, which is controlled by the gradient of the pore-fluid pressure. Excluding the inertial forces at low seismic frequencies is a valid approximation because they are negligible for typical properties of rocks and saturating fluids at these frequencies (e.g., Bourbie et al., 1987) . The present work presents an analytical solution for the dynamic shear modulus of a heterogeneous poroelastic material containing mesoscopic-scale spherical inclusions. (The problem of a spherical cavity which is embedded in a linear, fluid-filled, elastic porous medium and which is subjected to the sudden quasi-static application of a stress at the cavity boundary is solved by Rice et al. (1978) .)
The present paper is organized as follows. To quantify the effective shear properties, a three-phase model of poroelasticity and Biot's theory of quasi-static poroelasticity (Biot, 1941) are introduced and briefly reviewed. Christensen and Lo (1979) presented a three-phase model of elasticity to study the effective shear modulus in a classic elasticity composite. We extend their model to the case of poroelasticity. Then we solve the Biot's governing equations with standard interface continuity conditions of Deresiewicz and Skalak (1963) and obtain the effective shear modulus. Next, we calculate the S-wave attenuation and dispersion. Finally, the conclusions are summarized.
Three-phase model and Biot's theory

Three-phase model of poroelasticity
To obtain the effective shear moduli, a geometric model of the composite must be given at first. The corresponding model employed in this article is shown in Fig. 1 . It involves three phases: a spherical isotropic inclusion with radius of a, a shell of isotropic matrix with thickness of b − a and an outer region of effective homogeneous medium of infinite extent. We use Biot's theory of quasi-static poroelasticity to describe the mechanical and hydraulic behaviors of both the inclusion and matrix. The inclusion has different physical properties, which include solid frame and/or pore fluid, from the matrix. As is shown in Fig. 1 , an inclusion and its surrounding matrix shell consist of a spherical unit cell, which is imbedded in an unbounded equivalent medium.
Let the unit cell be equivalent by the outer homogeneous medium whose properties are yet to be determined. An ideal material for the outer effective medium is likely to be a poroelastic medium as well. But, since the present paper discusses the effective shear modulus of the unit cell only, for simplicity, we assume that the outer homogeneous medium can be equivalent by an effective elastic or viscoelastic material with unknown shear modulus.
The idea of the three-phase model is first presented by Christensen and Lo (1979) . They use this model to analyze the effective shear modulus in an ordinary elastic composite. This study extends their three-phase model to the case of poroelasticity. Since the three-phase model assumes that the composite sphere is embedded in an effective medium whose properties are to be determined, this is very similar to the self-consistent method, thus the three-phase model is also called a generalized self-consistent model by others (e.g., Qu and Cherkaoui, 2006) . White (1975) used a very similar geometric model to analyze the P-wave attenuation in a patchy saturation reservoir in which he suggested the gas pockets are periodically distributed within the water-saturated porous matrix. The geometric structure shown in Fig. 1 will be used to determine the effective shear modulus in Section 3. Before doing this, we briefly review the governing equations of Biot's theory.
Biot's theory of quasi-static poroelasticity
It is assumed that the size of a spherical unit cell in the present three-phase model is smaller than S-wave wavelength. To study the effects of mesoscopic-scale WIFF on shear properties, Biot's theory of poroelasticity (Biot, 1941 ) is exploited to describe the behaviors of the inclusion and matrix. Inertial effects are neglected and the attenuation is solely due to flow of the viscous fluid, which is controlled by the gradient of the pore-fluid pressure. Rudnicki (1986) 
where m 0 is the reference value of m, ρ f is the mass density of pore fluid and δ pq is the Kronecker delta. λ and μare the Lamé moduli appropriate for drained or dry response, whereas λ u is the Lamé modulus for undrained response. α = 1 − K/K s is the Biot coefficient, K(= λ + 2μ/3) is the drained bulk modulus and K s is the bulk modulus of the solid constituents. λ u is related to λ
, K f is the fluid bulk modulus and φ is the porosity.
The constitutive formulation is completed by Darcy's law which, in the absence of body force, is given by
where q p (= ρ f ∂w p /∂t ) is the mass flow rate per unit area in the x p direction and w p is the filtration displacement. γ is related to κ, the permeability and η, the fluid viscosity by γ = κ/η. Darcy 
Eq. (4) shows that the deformation is coupled with fluid filtration and that a porous material behaves as an otherwise undrained medium with the gradient of change in fluid mass acting as a body force. Substituting Darcy's law (3) into q k,k + ∂m/∂t = 0, the equation of fluid mass conservation without fluid mass source, and using Eq. (2) and the divergence of Eq. (4) lead to a diffusion equation for m:
where the diffusivity is
and
In the following section we will use the governing Eqs. (1)- (5) to derive solutions for the effective viscoelastic (complex and frequency-dependent) shear modulus in the three-phase model. 
Effective shear modulus
Expressions of displacement, stress and pore pressure
Introduce a spherical coordinate system with the origin at the center of the spherical unit cell shown in Fig. 1 . The two radii in Fig. 1 are taken such that a 3 /b 3 = β, the volume fraction of the inclusion. To determine the shear properties in such a poroelastic composite, let the three-phase specimen be subjected to pure shear loadings in the x-y plane at infinity with tension in x direction and compression in y direction. Fig. 2 shows a schematic diagram of displacement components and the pure shear loadings in the coordinate system. Suitable displacement components and m have the form u r = U r sin 2 θ cos 2ϕ,
u θ = U θ sin θ cos θ cos 2ϕ,
where U r , U θ and M are functions of r only. r, θ and ϕ are the spherical polar coordinates shown in Fig. 2 . The form of the displacements in (7)- (9) has been used by Christensen and Lo (1979) to calculate the effective shear modulus in an ordinary elastic composite. With the expectation that the displacement solutions will involve the same spherical forms which appeared in the corresponding problem of classic elasticity, Eqs. (7)- (9) is also used to describe shear displacements in a poroelastic medium. Moreover, since considerations of symmetry and linearity also indicate that m has the same form with respect to angle coordinates as radial displacement u r , Eq. (10) is needed to account for the coupled poroelastic effect. Based on the uniqueness theorem in poroelasticity (Deresiewicz and Skalak, 1963) , the forms of Eqs. (7)- (10) will be suitable as long as one is able to succeed in finding the solutions for this shear problem.
Adopting an e −iωt dependence and substituting Eq. (10) 
M(r) = E j 2 (kr) + Fn 2 (kr).
( 11) where ∂/∂t = −iω is used, j 2 and n 2 are the 2nd-order spherical Bessel functions of the first and second kinds, k = iω/c is of the dimension of wave number, and ω is the angle frequency. Coefficients E and F are to be determined by boundary conditions. Substituting Eqs. (7)- (11) into the equilibrium Eq. (4) allows us solve for the displacement components U r and U θ . The expressions for U r and U θ are
where
6Ku+2μ ) is the Poisson ratio for undrained response and χ = 2 λu−λ αHρ f , and
) is the P-wave modulus defined by Biot (1962) . The derivation of Eq. (12) is shown in Appendix A. The expressions for U r and U θ have two parts. The first part which has terms of r, r 3 , r −2 and r −4 with undrained Poisson ratio is identical to the form of the solution for an ordinary elastic material (see Christensen and Lo, 1979) . The second part, which consists of spherical Bessel functions, is generated by fluid flow. The above equations are general and apply to both inclusion and shell. Unlike the series-expansion solution given by scattering approach (Berryman, 1985; Liu et al., 2009) , in which the solution is appropriate even for wavelength smaller than the inclusion, the above equations are valid only for long wavelengths. Eqs. (7)- (13) are appropriate for the unit cell size smaller than the shear wave-
where V s is the S-wave velocity.
Note that the diffusion length d = √ c/ω is also smaller than shear wavelength λ s within seismic frequencies for typical poroelastic rocks. The frequency-dependent characteristics investigated in this paper are solely due to the fluid diffusion effect. Now, substituting Eqs. (11)- (13) into Eqs. (7) and (10), and then substituting the results into the constitutive equations yield stresses, pore pressure and filtration displacement:
and where H d (= λ + 2μ) is the drained P-wave modulus. σ rr is the normal stress in the radial direction. σ rθ is the shear stress. w r is the radial filtration displacement.
Exact analytical solution
As seen in Fig. 1 , there are three separate regions in which the solutions must be known. Let subscripts i, m and e denote the inclusion, the matrix and the outer effective medium, respectively. The coefficients C i , D i and F i in the inclusion must be zero in order for the poroelastic solutions at r = 0 to be finite. Moreover, the effective elastic or viscoelastic assumption and the requirement that the solutions at r = ∞ must be finite imply B e = E e = F e = 0 in the effective medium region. Furthermore, Christensen and Lo (1979) show that C e = 0 (22) for the three-phase model by Eshelby interaction energy approach. Although they obtain this result in an ordinary elastic composite, this result is appropriately used in the outer equivalent homogeneous elastic or viscoelastic medium in the present study. Now, the general forms of poroelastic and elastic solutions in the three separate regions of Fig. 1 are given by
in the inclusion, We use the interface conditions given by Deresiewicz and Skalak (1963) to describe the physical continuity at inclusionmatrix interface. At the inclusion-matrix interface (r = a), six independent continuity conditions involve the continuity of the displacements u r and u θ , the stresses σ rr , σ rθ , the pore pressure p f and the radial filtration displacement w r . These six continuity conditions lead to the following equations sequentially:
We need to point out that the above boundary conditions are based on the assumption of perfect contact between the contiguous porous media. The boundary conditions are by no means unique. For example, Eq. (43) can be replaced by a pressure jump boundary condition
where L is the interface flow impedance. This equation can be used to quantify effects of capillary forces and/or imperfect hydraulic contacts on attenuation and dispersion (Nagy and Blano, 1994; Qi et al, 2014a; Gurevich and Schoenberg, 1999; Qi et al., 2014b) . However, the present paper aims at discussing the effect of mesoscopic-scale WIFF on wave attenuation. Therefore, the interface flow impedance effect is neglected (L = 0).
Furthermore, at the interface between the matrix and the effective medium (r = b), four independent boundary conditions involve the continuity of the displacements u r and u θ and stresses σ rr and σ rθ . The continuity of u r , u θ , σ rr , σ rθ at r = b gives the following equations sequentially:
Now, we have ten boundary conditions owing to the continuity at the two interfaces. To determine the eleven coefficients, one more boundary condition at r = b is required. We need to point out that the fifth boundary condition at r = b is an open issue. Next, we discuss two possible situations for the required boundary condition. 
A 2 = 3a 7,10;9,11 + a 7,10;10,11 − 2a 9,10;8,11 − 2a 8,10;10,11 , (53) A 3 = −a 8,10;7,11 ,
where a r, 10; s, 11 (r, s = 7, 8, 9, 10) is the determinant of the 9 × 9 matrix generated from a by removing elements in rth and sth rows and in 10th and 11th columns.
Relation (51) is the final form sought. Using the quadratic formula
we can determine the exact solution for effective shear modulus of the spherical model.
Calculation examples
The main purpose of this section is to quantify S-wave attenuation and velocity dispersion in media containing mesoscopic-scale heterogeneous solid frames and/or fluids. The S-wave phase velocity V s and inverse quality factor Q −1 can be expressed as
where Re and Im denote the real and imaginary parts. ρ = βρ i + (1 − β )ρ m is the effective density, where ρ m and ρ i are the bulk densities of matrix and inclusion, respectively. Use of Eqs. (52) and (55) and elements shown in Appendix B, and then substituting them into Eqs. (56) and (57) we can calculate the velocity dispersion and attenuation.
Parameters
To compute the S-wave attenuation and velocity dispersion one must specify the physical properties and geometric parameters of the inclusion and matrix. Material parameters of two kinds of rocks and three kinds of fluids listed in Tables 1 and 2 are used to construct the physical properties of the inclusion and matrix. The two rocks shown in Table 1 differ by porosity, permeability and elastic properties. The drained stiffness (bulk and shear moduli) of the high porosity rock (rock 2) are only 1% of the low porosity rock (rock 1). Rock 2 represents a relatively softer porous solid, while rock 1 represents a stiffer porous solid. Physical parameters of water and gas given in Table 2 quantify the difference in pore fluids. The two rocks and the three fluids could be arbitrarily combined to determine the inclusion and matrix. Table 3 lists the material combinations and geometry parameters for inclusion and matrix. Fig. 3 shows the dispersion curves of S-wave phase velocity (a) and inverse quality factor (b) for a double-porosity model with a fixed inclusion concentration β= 0.2 and unit cell radii of b = 0.01, 0.1 and 1m, respectively. In this double-porosity model, the matrix is the water-saturated rock 1 and the inclusion is the watersaturated rock 2 (Table 3) . Results of the open pore situation and sealed pore situation are also compared in Fig. 3 . The black lines and the blue lines represent results of open pore situation and sealed pore situation, respectively. It is shown that the velocity and attenuation curves in the open pore situation are very similar to the curves in the sealed pore situation. At first, we look at the similarities between the two distinct situations. All velocity curves show that the velocity at the high frequency limit is higher than that at the low frequency limit and the velocity increases with frequency. The velocity dispersion is caused entirely by the frequency-dependent effective shear modulus due to fluid flow because the density is unchanged. On the other hand, the frequency dependences of the velocity and the attenuation show that relaxation frequencies at which the maximum value of inverse quality factors occur move to lower frequencies by two orders of magnitude when the size of the unit cell increases by one order of magnitude. This is a feature similar to P waves (Pride et al., 2004; Ciz et al., 2006) . Tables 1 and 2 . The effective shear moduli in red and green lines in (a) are calculated by means of Christensen and Lo (1979) by using drained and undrained Poisson's ratios, respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article).
Calculation result
To get more physical insights on the lower-frequency and higher-frequency velocities, in Fig. 3(a) two curves of S-wave velocities (green and red lines) are calculated via the effective shear moduli by means of classic three-phase elasticity model (Christensen and Lo, 1979) . The effective shear modulus in the elasticity model depends on the shear moduli, Poisson ratios of matrix and inclusion and the inclusion concentration. The detail Table 3 Material choices and geometry parameters for calculating attenuation and velocity dispersion. WS denotes water-saturated, GS denotes gas-saturated, W/G/O-S denotes water/gas/oil saturated.
formula for the effective shear modulus in the classic elasticity model is given in Appendix C. In our calculation procedure the shear moduli of the matrix and inclusion and the inclusion concentration used in the elasticity model are all the same as those in the poroelastic model, and the value of the overall density is also the same as the effective density used in frequency-dependent velocity curves. The Poisson ratios of the matrix and inclusion used to calculate the effective shear moduli in the red and green lines are equal to the drained and undrained values, respectively. Fig. 3 (a) shows that for both of the two pore boundary situations discussed in Section 3.2 the drained S-wave velocity (red line) and undrained S-wave velocity (green line) are exactly equal to the low-frequency and high-frequency velocities of the poroelastic composite material, respectively. This indicates that with the increase of frequency, the double-porosity unit cell changes from a composite material having drained inclusions and drained matrix with no pore pressure difference to the same medium having undrained inclusions and undrained matrix with no fluid communication at the inclusion-matrix surface for both pore situations. The heterogeneous fluid-saturated medium behaves like an ordinary elastic composite at low-frequency and high-frequency limits. Both the low-frequency and high-frequency effective shear moduli can be calculated by means of Christensen and Lo (1979) . In intermediate frequencies, the effective shear modulus increases with frequency and S-wave velocity lies between low-frequency and high-frequency values. Next, we look at the differences between the two distinct pore boundary situations. Fig. 3 shows that the differences of the velocity dispersion and attenuation curves only occur at relatively low frequencies. Compared with the case of open pore situation, sealed pore situation has higher velocity and more attenuation at the relatively low frequencies. This is because the sealed pore situation at r = b inhibits fluid flow and fluid pressure relaxation more than the open pore situation. Fig. 3(b) shows that there are two separate attenuation peaks for the case of the sealed pore situation, while there is only one peak for the case of the open pore situation. The maximum value of inverse quality factor for the case of sealed pore is smaller than that in the case of open pore. Now, we consider the magnitude of attenuation in the doubleporosity model. Fig. 4 plots the curves of inverse quality factor versus frequency for a double-porosity model with a fixed radius b = 0.5m but different inclusion concentrations. In this figure, physical properties of the matrix and the inclusion are the same as those used in Fig. 3 . To quantify the attenuation for a wide range of inclusion concentration, we show the results for β = 0.1, 0.3, 0.5 and 0.8 (Table 3) . β = 0.1 represents a small but not too dilute inclusion concentration, while β = 0.8 represents a very large inclusion concentrations. β = 0.3 and 0.5 represent two moderate inclusion concentrations. Fig. 4(a) and (b) give the results for the open pore situation and sealed pore situation, respectively. Fig. 4(a) shows that all open-pore inverse quality factor maximums are no more than 0.004 for various inclusion concentrations, while curves in Fig. 5(b) show that all sealed-pore inverse quality factor maximums are no more than 0.003. The measured level of attenuation for sedimentary rocks in seismic band lies within 0.01 < Q −1 < 0.1 (Pride et al., 2004) . Obviously, all the dilute, moderate and large inclusion concentrations show that the maximum values of the S-wave Q −1 are lower than 0.01 even if the inclusion stiffness is only 1% of the matrix. The softer inclusions with higher porosity than the matrix cause very weak attenuation. Moreover, attenuation characteristics for the two pore boundary situations are also very similar to each other. For example, at low frequencies the inverse quality factor scales with the first power of frequency ω, while at high frequencies the attenuation is proportional to ω −1/2 . Here, it is of great interest to compare the S-wave attenuation caused by mesoscopic WIFF with S-wave attenuation by the Biot global-flow mechanism (Biot, 1956a,b) . The Biot attenuation is caused by viscous friction when pore fluid flows relative to the solid frame. The loss mechanism has a macroscopic nature and is the result of wavelength-scale fluid pressure equilibration between the peaks and troughs of conventional propagating wave. This induces a very small relative displacement between the solid frame and the fluid in S waves. The S-wave inverse quality factor for the Biot global flow can be expressed as Tables 1 and 2. where
. (59) κ D (ω) is the dynamic permeability. The dynamic permeability κ D (ω) can be viewed as static permeability κ multiplied by its frequency correction factor (Johnson et al., 1987) ,
is a so-called Biot characteristic frequency, α ∞ is the tortuosity.
The attenuation caused by global flow is generally important in the range of ultrasonic frequencies, but it is not significant at the seismic frequency band. Keep in mind that the quasi-static flow discussed in the present paper is restricted to the long wavelength situation. To facilitate calculations, we select tortuosity α ∞ = φ −2/3 (Liu et al., 2009 ). The green line and the red line in Fig. 4 represent the Biot S-wave attenuation in the rock 1 and rock 2, respectively. The comparison of attenuation curves in Fig. 4 shows Tables 1 and 2. that the attenuation maximums caused by the mesoscopic WIFF are not larger than Biot's attenuation maximums (of the magnitude of 10 −2 ) although at frequencies below 10 3 values of attenuation caused by WIFF are nearly two orders of magnitude larger than the values of Biot attenuation in the rock 1. Now, we consider the size-dependent characteristics of the S-wave relaxation frequency. Fig. 5 plots the double-porosity inverse quality factor Q −1 versus frequency for a fixed inclusion radius a = 0.5m but various inclusion concentrations of β = 0.05, 0.15, 0.25 and 0.4. The matrix and inclusion are also selected by water-saturated rock 1 and water-saturated rock 2, respectively (Table 3) . Fig. 5(a) and (b) give the results for the open pore situation and sealed pore situation, respectively. They show that the attenuation maximum increases with the inclusion concentration and the relaxation frequency moves towards higher frequencies when the inclusion concentration increases (or when the unit cell radius decreases). Recall that Fig. 4 plots the curves of doubleporosity inverse quality factor versus frequency with a fixed radius b = 0.5m but different inclusion concentrations. Fig. 4 shows that the relaxation frequencies move towards higher frequency when the inclusion diameter becomes bigger. Also recall that Fig. 3 plots the inverse quality factor versus frequency for a fixed inclusion concentration but various unit cell radii and inclusion radii. Fig. 3 shows that maximum attenuation position moves towards higher frequencies when the unit cell radius becomes smaller. Figs. 3-5 indicate that size-dependent characteristics of relaxation frequency are affected by both the radii of the unit cell and the inclusion.
Note that Figs. 3-5 only show the attenuation and dispersion curves for heterogeneous water-saturated porous solids which contain inclusions softer than the matrix. It is unknown whether a relatively stiffer inclusion imbedded in a soft matrix could cause a measured level of loss and whether the combined heterogeneities in both the solid frame and the fluid could enlarge the attenuation. Next, we use the three-phase model to calculate the attenuation and velocity dispersion for another two cases:
1. The inclusion has lower porosity and permeability and higher elastic moduli than the matrix, while the pore fluid is uniform (a double porosity structure having inclusions stiffer than the matrix). The inclusion is always water-saturated rock 1, while the matrix is rock 2 which is saturated with three different kinds of fluids. The legend terms refer to the three saturation cases: water, gas, and oil. The rock and fluid properties are given in Tables 1 and 2. 2. The inclusion has a solid frame different from that of the matrix, and the pore fluid in the inclusion is also different from that in the matrix. (A combination model of heterogeneities in both the solid frame and the pore fluid.)
For simplicity, we only show the results for the open pore situation since the sealed pore situation has very similar properties. For the double-porosity model, the matrix is water-saturated rock 1 and the inclusion is water-saturated rock 2. For the patchy-saturation model, the matrix is water-saturated rock 1 and the inclusion is gas-saturated rock 1. The rock and fluid properties are given in Table 1 Now, we look at the combined heterogeneities in solid frame and pore fluid. Fig. 7(a) and (b) show the real part and inverse quality factor of effective shear moduli for a combination model for open pore situation. The inclusion volume fraction is 0.25 and the unit cell radius is 0.5 m. The inclusion is always water-saturated rock 1, but the matrix is rock 2 which is saturated with three different kinds of fluids. The legend terms refer to the three saturation cases: water, gas, and oil. The rock and fluid properties are given in Tables 1 and 2 . In this figure, we observe that real part of the shear modulus at the low-frequency limit is independent of the properties of the saturating fluid. However, for higher frequencies, the value of Re(μ e ) differs obviously when saturation fluid changes. The S-wave attenuation in the gas-saturated medium is very low and much lower than in the fully watersaturated and partially oil-saturated media. Moreover, at low frequencies equal to or lower than the relaxation frequencies in the oil-saturated medium, the S-wave attenuation is about one order of magnitude higher in the partially oil-saturated medium than in the fully water-saturated medium. Therefore, the pore fluids could cause significant effects on the dispersion and attenuation in the combined model. Last, we consider the patchy-saturation model. In Fig. 8 , we compare the S-wave velocity dispersion between a patchysaturation model (blue line) and a double-porosity model (black line) with the same inclusion concentration β= 0.15 and the same radius b = 0.4m in the open pore situation. For the patchysaturation model, the matrix is water-saturated rock 1 and the inclusion is gas-saturated rock 1. For the double-porosity model, the matrix is water-saturated rock 1 and inclusion is water-saturated rock 2. The velocity dispersion curves show that there is slight velocity dispersion in double-porosity model, whereas there is not any velocity dispersion in the patchy-saturation model at all. In Fig. 8 , the calculated patchy-saturation effective shear modulus is 10GPa which is exactly identical to shear modulus of rock 1. We also calculate the effective shear modulus for other sets of fluids (those are oil and gas, water and oil): the effective shear moduli are all equal to 10GPa. The non-dispersive shear modulus implies that there is no attenuation in the spherical patchy-saturation model.
Conclusions
The present paper has studied on the effects of mesoscopic wave-induced fluid flow on effective shear properties in a heterogeneous fluid-filled porous material with spherical inclusions. An exact analytical solution is presented for the effective shear modulus in a generalized self-consistent or three-phase model under the assumption that the diameter of a spherical unit cell is smaller than S-wave wavelength but larger than the size of pores. The analytical formula can be used to quantify the S-wave attenuation and velocity dispersion in a combined model with heterogeneity in both the solid frame and pore fluid. Neither the interface permeability (imperfect pore boundary at the inclusion-matrix interface) nor the capillary effect is taken into account.
The shear wave velocity and shear wave attenuation have been calculated for the double porosity model. It is shown that the phase velocity increases with frequency and then reaches a finite asymptotic value. By comparison with analytical solutions for the effective shear modulus in the classic three-phase elasticity model given by Christensen and Lo (1979) , it is revealed that the unit cell in the low frequency range behaves as a poroelastic composite having a drained inclusion and drained matrix with no pore pressure difference, and that the poroelastic unit cell in the higher frequency range behaves as the same composite but having an undrained inclusion and undrained matrix with no fluid communication at the inclusion's surface. The frequency dependence of the derived shear modulus is entirely caused by mesoscopic WIFF with relaxation frequencies depending on the sizes of the unit cell and the inclusion.
It is well known that spherical inclusions can cause significant attenuation in P waves over the seismic frequency range not only for the double porosity model but also for the patchy saturation models (Ba et al, 2011; White, 1975) . The P-wave attenuation peak occurs at a frequency at which the characteristic length of fluid diffusion (wavelength of slow P wave) approximately equals the size of the inclusion. In contrast, for the problem of S-wave attenuation, spherical inclusions can also cause significant attenuation over the seismic frequency band for double porosity, but spherical inclusions do not affect the shear dispersion characteristic of the fluid-filled host medium at all since the effective shear modulus is exactly identical to the drained shear modulus.
For the double porosity model, only the stiffer inclusions imbedded in a relatively softer matrix can cause sufficient S-wave attenuation in the seismic frequency band. Softer inclusions with higher porosity imbedded in a relatively stiff matrix cause only weak attenuation and slight dispersion in the spherical inclusion model. Even if the inclusion stiffness is only 1% of the matrix stiffness, the inverse quality factor maximum is lower than 0.01 for a wide range of the inclusion volume fractions. Pride (2007, 2014) have used finite difference modeling to calculate the S-wave attenuation in a heterogeneous porous medium with an ellipsoidal inclusion. They show that an oblate spheroid inclusion can create more attenuation than the spherical inclusion. In the future, we plan to study the analytical solutions for the shear property of a heterogeneous porous medium with ellipsoidal inclusions, which will allow us to analyze the effects of meso-flow on S-wave attenuation and S-wave dispersion.
Moreover, we note that the fifth boundary condition at the interface (r = b) between the matrix and its surrounding effective medium remains an open issue. The present paper discusses two possible situations: (1) the open pore boundary (p f = 0) which represents the expected value (average value) of the pore pressure in the self-consistent model, and (2) the sealed pore boundary (w r = 0) which describes the actual displacement continuity at the pore-solid interface. Alternatively, the open pore situation models a thin high permeability layer in which the easy flow of fluid maintains the pore fluid pressure at its ambient value, while the sealed pore situation corresponds to the impermeable limiting situation in which no flow can occur across the pore-solid interface. The actual shear dispersion curves probably lie between the results predicted by the two situations. Numerical results show that the discrepancy in phase velocity dispersion curves between the two situations is small. We therefore believe the three-phase model can describe the effective shear properties accurately.
where is the P-wave modulus defined by (Biot, 1962) .
Last, the general solutions for displacements in the nonhomogeneous Eq. (A7) are
Appendix B. Elements in 11 × 11matrix a
The choice of elements in matrix a is not unique due to the properties of matrix elementary transformation that could be applied in Eqs. (39) This appendix corrects two misprints in the expressions given by Christensen and Lo (1979) . Eqs. (C2) and (C6) are different from theirs.
